Chapter 1 Complex Vectors

11 Complex algebra

A complex number is represented by c=a+ jb, where a and b indicate the rea and imaginary part of the

complex number c. j isthe imaginary number defined by j2 = —1. The complex number can be written in phaser
form as:
c=a+ jb=|de’ =|dcosg+ j|dsing (1.1.1)

where

lcf=va®+b’ (1.1.2)

is the magnitude of ¢ and
b
¢= tan‘lﬁ—‘l (1.1.3)
a
isthe phase of c.
The complex conjugate of cisindicated by c* and is defined by
ct=a-jb (1.1.9)

1.2 Complex representation of Time-Harmonic scalars

Consider atime-harmonic real physical quantity V(t) that varies sinusoida with time.

V(t)=V,cos(at +¢) (1.2.1)

. : i . where V, is the amplitude, @ is the
> | angular frequency and ¢ is the phase of
0.6 | i
0. ] V(t). Note that @ = 2af , where f is
0-2F I the frequency.
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The relation between the real physical quantity V(t) and the phaser notation is directly related by
V(t)= Rdlve [ (1.2.2)
where Rel q means taking the real part of the quantity in the braces I q and V =Voej¢. For simplicity,
Rem( )ej“’tr can be omitted in writing and thus,
V(t) (isequivalentto) <> V (Phaser notation) (1.2.3)

It should be noted that, V/(t) isareal function of t, but V isacomplex function.

Using the above rule of equivaence, we find

V(t)+U(t)eoV+U (1.2.3)
It can aso be shown that

%V(t ) joV (1.2.49)
because

o

atV(t) = —wV, sin(at + ¢) = ReljoV,e’e[ (1.2.5)

Therefore, | can replace the tome derivative %t in the complex representation of time-harmonic quantities.
The rule of equivalence of time-harmonic quantities should not be used carried out too far. For example,

V(t)U(t) = (isnot equivaent to)VU (1.2.6)

1.3 Time Average

The time average vaue of atime-harmonic quantity is always zero.

V(1)) = %ZVO cos(wt + @)t =0 (1.3.1)
0
However, the time-average value for the product of two-harmonic quantitiesis not always zero. For instance,
1 1 1 1 vV,
VA(t z—zvzcosz ot + tz—zvzh—+—co 20t + 24 )Rt = —2- 134
<(>>Too(¢)dT0022s( Pt == (1.34)

which is not zero.
Consider complex vectors A= Az + JA, and B = B+ jB,. Their time-domain counterparts can be written

as

At) = Re{Aei“’t} = A, cosmt — A Sinwt (1.3.5)
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B(t) = Re{Bej”’t} = B, coswt — B, sinwt (1.36)

The cross product of A(t)and B(t)then becomes

A(t)x B(t)= Ay x Bycos’(awt)+ A x B, sinz(a)t)—%bAR x B, + A x BRgsinZa)t

(1.3.7)

Thetime-average value of A(t) x B(t)isthen

(A(t)x B(t)) = %bAR xBg+ A x B,g (1.3.98)

If we take the cross product of A and B*, wethen get
AxB* = AgxBg+ A xB, +j(A xBg—A;x B)) (13.9)
We thus see that

(A(t)x B(t))z%ReIAx B*( (1.3.10)

This rule will be very important when we encounter the concept of Poynting's power-density vector.
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